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Abstract

This paper proposes Pearson-type statistics based on implied probabilities to detect structural change. The class
of generalized empirical likelihood estimators (see Smith (1997)) assigns a set of implied probabilities to each
observation such that moment conditions are satisfied. The proposed test statistics for structural change are based
on the information content in these implied probabilities. We consider cases of structural change with unknown
breakpoint which can occur in the parameters of interest or in the overidentifying restrictions used to estimate
these parameters. We also propose a structural change test based on implied probabilities that is robust to weak
identification or cases in which parameters are completely unidentified. The test statistics considered here have
competitive size and power properties. Moreover, they are computed in a single step which eliminates the need to

compute the weighting matrix required for GMM estimation.
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1 Introduction

This paper proposes structural change tests based on implied probabilities resulting from estimation methods
based on unconditional moment restrictions. The generalized method of moments (GMM) is the standard method to
estimate parameters through moment restrictions. Monte Carlo results reveal, however, that GMM estimators may
be seriously biased in small samples.! Recently, a number of alternative estimators to GMM have been proposed.
Hansen, Heaton and Yaron (1996) suggested the continuous updating estimator (CUE) which shares the same
objective function as GMM but with a weighting matrix that depends on the parameters of interest. The empirical
likelihood (EL) (see Qin and Lawless (1994)) and the exponential tilting (ET) estimators (see Kitamura and Stutzer
(1997)) have also been proposed. Kitamura (2001) showed that tests for the validity of moment restrictions based
on EL have optimal properties in terms of large deviations. In particular, EL-based tests are shown to be more
powerful than other standard tests. These alternative estimators are special cases of the generalized empirical
likelihood (GEL) class considered by Smith (1997) and may be shown to be based on the Cressie and Read (1984)
family of power divergence criteria. Newey and Smith (2004) showed (in an i.i.d. setting) that, although estimators
based on GMM, EL, ET or CU have the same first-order asymptotic distribution, they have different higher-order
asymptotic properties. Amongst their findings, it is shown that the expression for the second-order asymptotic bias
of GEL has fewer components than the one of GMM (with EL having the fewest). Anatolyev (2005) extended the
Newey and Smith setting to allow for weakly dependent data correlation and show that the asymptotic bias of
smoothed GEL estimators is less than GMM estimators, especially with many moment conditions.

GEL estimators assign a probability to each observation such that the moment conditions are satisfied (see
Smith (2004)). This resulting empirical measure is called implied probabilities. An interpretation of the implied
probabilities is the following: less weight is assigned to an observation for which the moment restrictions are not
satisfied at the estimated values of the parameters and more weight to an observation for which the moment
restrictions are satisfied. As suggested by Back and Brown (1993), implied probabilities may then provide a useful
diagnostic device for model specification. In particular, implied probabilities may contain interesting information to
detect instability in the sample. Consequently, we propose to use these weights in detecting an unknown structural
change in the model. Antoine, Bonnal and Renault (2007) use the weights given by the implied probabilities to
propose a three-step estimator with higher-order asymptotic properties equivalent to those of EL. Schennach (2007)
also discusses the use of these weights in the context of model misspecification. Ramalho and Smith (2005) considered
Pearson-type test statistics (statistics based on the difference between restricted and unrestricted estimators of the
weights) for the validity of moment restrictions and parametric restrictions using implied probabilities.

The proposed test statistics to detect structural change are based on different measures of the discrepancy
between these implied probabilities and the unconstrained empirical probabilities % (T is the sample size). The test

statistics fall in three categories: 1) general structural change tests to detect instability in the identifying restrictions

1See in particular the special issue of Journal of Business and Economic Statistics, 1996, volume 14.



and in the overidentifying restrictions; 2) structural change tests specifically designed to detect instability in the
identifying restrictions (see for example Andrews (1993)) and 3) structural change tests to detect instability in
the overidentifying restrictions (see for example Hall and Sen (1999)). An additional contribution of this paper,
we propose a boundedly pivotal structural change test based on implied probabilities robust to cases of weak
identification or cases in which parameters are completely unidentified. In particular, our derivation allows us to
examine the power of the test under different assumptions about identification, and so for general alternatives about
parameters instability. The asymptotic distributions of the test statistics are derived under the null hypothesis and
under the alternative of an unknown breakpoint. In a simulation study, we find that targeted tests based on implied
probabilities performed very well if the structural change corresponds to the target. That is, if instability is present
in the identifying restrictions or in the overidentifying restrictions, then the targeted tests have competitive size
and power properties compared to more standard structural change tests for GEL criteria (see Guay and Lamarche
(2009)). Overall, the test statistics based on implied probabilities considered in this paper have a nice intuitive
appeal, are based on an estimation method that has been shown to have better higher-order asymptotic properties
and are computed in a single step which eliminates the need to compute the weighting matrix required to perform
alternative structural change tests in GEL or GMM settings. This weighting matrix is often linked to the poor finite
sample properties of GMM-based estimators and test statistics.

The paper is organized as follows. A discussion on GEL estimators are presented in section 2. Section 3 presents
formally the full-sample and partial-sample GEL estimators. Section 4 presents the test statistics proposed based

on the implied probabilities. The simulation results are in Section 5 while the proofs are in the Appendix.

2 Discussion of GEL estimators

In this section we present the estimators used in this paper. We start with an entropy-based formulation of the
problem which puts emphasis on the informational content of the estimated weights. We then move to the more
recent GEL formulation (see Newey and Smith (2004) and Smith (2004)).

We consider a triangular array of random variables {z7: : 1 <t < T,T > 1}. Triangular arrays are considered
because they are required to examine the results under local alternatives. For notational simplicity x+ refers to a7+
hereafter. Suppose we have a ¢ X 1 vector function of the data, g(x+, ), which depends on some unknown p-vector

of parameters § € © with © C RP and that in the population their expected value is 0, namely
Elg(z+,00)] = 0.

We study the overidentifying case with ¢ > p. Now letting the T-vector of explicit weights (explicit because
the weights are used directly in estimation as opposed to the implicit weights obtained via GMM estimation, as

explained by Back and Brown (1993)) be {m: : 1 <t <T,T > 1} we can recast the population moment conditions



Ex[g(x,60)] = 0.

The vector 7 is determined by finding the most probable data distribution of the outcomes given the data. We
can think of m as containing information on the content of the moment conditions. Therefore, g(z, 0) is viewed as
a message. That is, when 7 is small, the message is informative and vice-versa. This relation is summarized by the

function f(w) = —Inw. The average information is then

T
S(m) = Exf(n) = —Zm In 7.
t=1

In this case, S(m) can be interpreted as the entropy measure of Shannon (1948) and it captures the degree of
uncertainty in the distribution 7 with respect to whether or not the distribution is concentrated or dispersed (see

Mittelhammer, Judge and Miller (2000) for a fuller discussion). The vector 7 is obtained by maximizing entropy
T
max S(7w) = — Zm In 7y,
t=1

subject to 31, m = 1 and 3., mg(xt,0) = 0.

With no second constraint, we get m = 1/7, V¢, the maximally uninformative uniform distribution, while with
both constraints, we want to choose 7 to be as maximally uninformative as the moment conditions will allow. We
do not want to assert more about the distribution than is known via the moment conditions. In this sense, the
probabilities make use of all the information that is available, and nothing more. In particular, we focus on detecting
a structural change in the moment conditions. With no structural change, the weights will fluctuate around 1/7,
otherwise the entropy formulation will attempt to reduce the weight on the observation characterized by the change,
and at the same time put more weights on the remaining observations so as to make S(7) as large as possible.

We can transpose this formulation using the Kullback and Leibler (1951) information criterion which measures
the discrepancy between two distributions p; and ;. If the subject distribution is 7; and the reference distribution

is p+ = 1/T,Vt we have

KLIC(m,p=1/T) = Zm[ln(m) —In(1/7)] = Zm In(m¢) + In(T).

t=1

So that maximizing entropy is equivalent to minimizing the KLIC(m,p = 1/T). Estimates of m, given 0, are
obtained by maximizing S(7) (or by minimizing KLIC(mw,p = 1/T)) subject to the weighted zero functions and
the probability constraint. Note that the averaging is done with respect to the weights on the observations in the

sample, the vector 7. The solution to the Lagrangian yields

<FT(g) = _ xp(V'9(21,0)) 1
O =57 cxplrrglan, ) @



where the g-vector v contains the Lagrange multipliers and as such measures the degree of departure from zero
of the moment conditions and ET stands for exponential tilting. Estimates of 6 are obtained by substituting 7 in
S(7), maximizing it with respect to v and then with respect to 6 (see for example Kitamura and Stutzer (1997)).

If we interchange the subject/reference distributions we get

T
KLIC(p=1/T,7) = Z(l/T)[ln(l/T) — In(m)]
t=1
and the solution to the optimization problem yields a different set of weights given by
1
) =7 (1+~g(¢,0)]

where EL stands for empirical likelihood. When we evaluate the weights at some estimators, f7, we obtain 77 (0)
and 7 (éT) In the E'L context, averaging is done with respect to the empirical weights 1/T". We therefore have
two different interpretations for the mean information. In the latter, EL sense, the average information is such
that it puts more importance on the empirical weights 1/7T relative to w. In the former, ET sense, the average
information instead puts more importance on probabilities, 7, that are computed using observed data. Recently,
Schennach (2007) combined ET and EL into the ET EL estimator that combines the advantages of each approach.

We mentioned in the introduction that less weight is assigned to an observation for which the moment conditions
are not satisfied. In this section we have seen that the vector m contains all the relevant information with respect
to the moment conditions. We now provide a graphical illustration of the use of the weights in the detection of a
structural change. We consider a small simulation study that contains three examples that have been studied in
the structural change and entropy literature. The first example, which encompasses three cases, is similar to the
one used by Imbens, Spady and Johnson (1998) and consists of estimating a single parameter, 0, with 2 moment

conditions:
Elzy —60) =0 and E[(xt—9)2—4] =0

with a sample of 100 observations and z; = 6; + ¢ where e, ~ N(0,4). We consider a pulse (a one-time short
break), a break (a longer but temporary break) and a regime shift (a permanent break). In the pulse case we have
0: = 5 for t = 50 and 6 = 10 otherwise. For the break case we have 6; = 10 for ¢t < 20 and ¢ > 80 while 8, = 15 for
21 <t < 80. Finally, the regime shift case has 6, = 10 for t < 20 and 0; = 15 otherwise. In these cases, structural
change occurs via the parameters and can be tested using procedures proposed by Andrews (1993) and by Andrews
and Ploberger (1994).

In contrast, the next two examples consist of structural change through the moment conditions. Following Hall
and Horowitz (1996) and Gregory, Lamarche and Smith (2002) we study a simulated environment with CRRA
preferences and making a distributional assumption on consumption growth, x;, with i.i.d data and 7" = 100. In

particular, we assume that the natural logarithm of consumption growth follows a N (0, 0% = 0.16). There is a single



parameter to be estimated, 6, the coefficient of CRRA and two moment conditions are used:

Et exp[fG In Tt+1 — 90’2/2 + (3 — Q)Zt] = 1

I
o

E.zexp[—0Inzipq — 902/2 + (B3 —=0)z — 1]

with z; ~ N(0,0?). The moment conditions are satisfied when § = 3. The structural break occurs in period 51 and
is summarized by a shift in 6 from 3 to 4.

Lastly, as in Ghysels, Guay and Hall (1997), we have the estimation of an autoregressive parameter using two
moment conditions when the data generating process is an AR(1) (z: = Bxt—1+¢€:), for t < 50, and an ARM A(1,2)
otherwise (z: = Bxt—1 + €+ + 0.5¢;—2). There are 100 observations and e; ~ N(0, 1). The two instruments used are

the first and second lags of x;. The two moment conditions are then:
E[xi—1 (xt — Bri—1)] =0 and E[zi—2 (¢ — Bri—1)] = 0.

The instability occurs because the second moment condition is violated for ¢ > 50 (and 3 was set to 0.5).

Figure 1 shows the average of the vector of implied probabilities 7 (calculated using (1)) over 10,000 replications.
The key feature of these panels is that when there is no break, the weights fluctuate around 1/7 = 1/100 (upper
left panel). With a structural break in the parameter or in the moment conditions, however, more weight is given
to observations (and moment conditions) for which there is no break while less weight is assigned to an observation
which violates the moment conditions. This simple simulation study clearly shows that implied probabilities contain
interesting information to detect structural change. We can try to understand analytically the results from the

simulation experiments. By a Taylor expansion of the implied probabilities (1), we get

’

T
1 1 1
T (0) & Tt7 g(ze,0) — T > g(x,0)| 7.
t=1

Under the null of no structural change F [g(z¢,600)] = 0, V&t = 1,...,T, the second part of the RHS expression
evaluated at 6o will be zero and m = +. Now suppose that a structural change occurs such that E [g(x:,61)] =
0 for the first part of the sample and E [g(x¢,02)] = 0 for the second part of the sample but 61 # 62. The
implied probabilities evaluated at a restricted, stable, estimator Or will differ from % by the second term of
the RHS expression. Indeed, the moment conditions g(z¢,0r) for each ¢ will differ with a high probability from
T 2321 g(x¢,07) and the estimator 57 will be different from zero with a high probability. The aim of this paper is
then to examine the information contained in the estimated implied probabilities to detect structural change and
propose test statistics based on some function of these implied probabilities.

Now following the recent econometric literature on GEL (see Newey and Smith (2004), Smith (2004), Ramalho
and Smith (2005), Caner (2008a), Caner (2008b) and Guggenberger and Smith (2008)), we let p(¢) be a function

of a scalar ¢ that is concave on its domain, an open interval ® that contains 0. Also, let T'r(0) = {7 : v'g(x:,0) €



®,t=1,...,T}. Then, the GEL estimator is a solution to the problem

T !
N o)) —
07 = argmin sup E [Py g(x} )) — po]
9E® L efr(0) o

where p;(-) = 87p(-)/0¢" and p; = p;(0) for j = 0,1,2,.... Under this formulation, a number of estimators can
be obtained. First, the ET estimator of 6 is found by setting p(¢) = — exp(¢). Second, the EL estimator of 6 by
setting p(¢) = In(1 — ¢). Third, the continuous updating estimator of Hansen et al. (1996) can also be obtained
from the GEL formulation by using a quadratic function for p(¢), —(1 + ¢)?/2.

As in the GMM context an adjustment for the dynamic structure of g(x¢,6) can also be made in the GEL
context (see Kitamura and Stutzer (1997), Smith (2000), Smith (2004) and Guggenberger and Smith (2008)). The
adjustment consists of smoothing the original moment conditions g(z¢, #). Defining the smoothed moment conditions
as

010) = 1 3 k(1) gtormi0)

T m=t—T

fort =1,...,T and Mr is a bandwidth parameter, k(-) a kernel function and we define k; = [ k(a)?da. In the

[p(kv 917 (6))—po]

time series context, the criteria is then given by: Zz;l =

where k = % (see Smith (2004)).

3 Full and partial-samples GEL estimators

To establish the asymptotic distribution theory of tests for structural change in the parameters based on implied
probabilities we need to elaborate on the specification of the parameter vector in our generic setup. We consider
parametric models indexed by a vector of parameters (3,5) C B x A € RP with p = r + v. Following Andrews
(1993), we make a distinction between pure structural change in parameters when no subvector § appears and the
entire parameter vector is subject to structural change under the alternative and partial structural change which
corresponds to cases where only a subvector ( is subject to structural change under the alternative. The moment

conditions for the full sample under the null of no structural change are then written as:

Eg(.’rt7ﬁ07(5o) IO, Vt = 1,...7T. (2)

3.1 Definitions

We need to impose restrictions on the admissible class of functions and processes involved in estimation to
guarantee well-behaved asymptotic properties of GEL estimators using the entire data sample or subsamples of
observations. A set of regularity conditions is also required to obtain weak convergence of partial-sample GEL
estimators to a function of Brownian motions. To streamline the presentation we provide a detailed description of

them in Appendix 7.1. We now formally define the GEL estimator using the full sample.



Definition 3.1. Let p(¢) be a function of a scalar ¢ that is concave on its domain, an open interval ® that contains
0. Also, let Ty (B,8) ={v:kv'qer (B,6) € ®,t =1,...,T} with k = % (see the definition of k; just before Section

3). Then, the full-sample GEL estimator {(/S’T, 5T)} is a sequence of random vectors such that:

" [p (kY ger (8,6)) — po]
T

(v 5 4
Br, T) =arg min sup
(B:0)EBXA e (8.6) 1=1

with p;(-) = 8 p(-)/0¢" and p; = p;(0) for j=0,1,2,... .

The criteria is normalized so that p; = po = —1 (see Smith (2004)). This GEL estimator encompasses the ET,
EL and CU estimators, as mentioned earlier. Note that the vector 7 represents the Lagrange multipliers associated
with the second constraint in the entropy problem of Section 2. Hence, in the GEL setting, the parameter vector
8, 5')/ is augmented by a vector of auxiliary parameters v where each element of this vector is associated with an
element of the smoothed moment conditions g:7 (8, 9).

The GEL estimator is obtained as the solution to a saddle point problem. Firstly, the criterion is maximized for
given vector ([, 9). Thus,

[p (k' ger (8,6)) — pol
- .

dr (B,0) = arg  sup
YET(B,9) t=1

~ ~ /
Secondly, the GEL estimator (ﬁé«, 5'T> is given by the following minimization problem:

: " [p (in (5,5 -
o . p (k3T (8,6) ger (8,6)) — po]
1) ) = ar min
(ﬁT’ T g(ﬁ,&)eBxAt:ZI T

To characterize the asymptotic distributions our estimators and test statistics we define the following matrices.
First, the long-run covariance matrix of the moment conditions is defined as:

Q= Tlgnoo Var (} Zg(l’uﬁm 60)) .

t=1

!

Second, the gradient vectors are defined as:

T
_ . ]- / Xr
Gs = Tlgr(l)o T t; Edg(x+, o,00)/08 € R*",

T
1 Z v
Gs = lim T 2. Eag(a:t,ﬁo,éo)/a(;’ c qu ’

and G=[ Gg Gs ] € R”? wherep=r+v.
From now on, following Kitamura and Stutzer (1997) and Guggenberger and Smith (2008) we focus on the

truncated kernel defined by

k(z) = 1if|z| < 1 and k(z) = 0 otherwise



to obtain the following smoothed moment conditions

Kr
1
ger (B,6) = mj_z;( 9(zi—j,0,0).
=— BT

where Kr is related to the bandwidth parameter used in the GMM (see Section 5 and the Appendix for more
discussion on K7). To handle the endpoints, we use the approach of Smith (2004) and Guggenberger and Smith
(2008) which sets

min{t—1,Kr}

1
0) = —— i, B,9).
gtT(ﬁ7 ) 2Kr +1 Z g(xt ]7[35 )
j=max{t—T,—Kr}
We can easily show for this kernel that k = % = 1. A consistent estimator of the long-run covariance matrix is
then given by:
~ 2Kt +1

T
Z ger (Br, 61)ger (Br, 01)'.

t=1

Qr = T

The weighting matrix obtained using this type of kernel is similar to the one obtained with the Bartlett kernel
estimator of the long-run covariance matrix of the moment conditions (see Smith (2004)). Define also the derivatives

of the smoothed moment conditions as:

K

_ 1 9g(z¢—j,3,6)
GtT(ﬁ? 6) - 2KT 4 1 j:;T a(ﬂ/], 5/) )

Several tests for structural change involving partial-sample GMM estimators were defined by Andrews (1993).
We focus here on the GEL setting. We consider two subsamples, the first covers observations ¢t = 1,...,[T's] and
the second covers t = [T's] + 1,...,7 where s € S C (0,1). As mentioned earlier, the subvector 3 is allowed to
vary across subsamples such that (1 denotes the corresponding subvector for the first subsample and (2 for the
second subsample. We also define the vector of auxiliary parameters v(s) = (71,7%)" where 71 is the vector of the
auxiliary parameters for the first part of the sample and 2 for the second part of the sample. The partial-sample

GEL estimators for s € S based on the first and the second subsamples are formally defined as:

Definition 3.2. Let p(¢) be a function of a scalar ¢ that is concave on its domain, an open interval ® that contains
0. Also, let T (0,5) = {v(s) = (v1,7) : v(s) ger (0,5) € ®,t = 1,...,T}. A partial-sample General Empirical
Likelihood (PS-GEL) estimator {07 (s)} is a sequence of random vectors such that:

T

/ —_
br(s) = argmin  sup [p(v(s)'ger (8, 5)) = po]
9€0 | (s)elr(0,5) 123 T
2 (P19 (81,8) —po] |~ [p(2hgrr(B2,)) — po]
= argmin  sup T’ + Z - T7
969 J(s)efr(0,9) \ 1=t t=(Ts]+1

for all s € S, where gir (6, 5) = (ger(81,6)',0") € R*P! fort =1,...,[Ts] and gir(0,s) = (0, gir(B2,6)')" € R?*!
fort=[Ts|+1,...,T with v(s) = (v1,75) € R*?*'.



According to the definition above 07 (s) = (/3’1T(s)', Bar(s), 5T(s)')/ is a 2r + v-vector with an estimator G317 (s)
that uses the first subsample ¢t =1, ..., [T's], an estimator BQT(S) that uses the second subsample ¢t = [T's]+1,...,T
and an estimator d7(s) that uses all the sample. The vector f7(s) is called the partial-sample GEL estimator of
0 = (3}, 35,6") . Similarly, the vector O = (ﬁ’T, B, 5})l is called the full-sample GEL estimator of 6 (see Definition
3.1).

To be more precise, the first-order conditions corresponding to the Lagrange multiplier v are obtained

from the maximization of the partial-sample GEL criterion for a given 1, 82, . Thus,

(5]
Sr(Bro,s) = arg sup [p(71(B1,0) ge7(B1,9)) — pol
€17 (B1,6,8) t=1 T
T
Sor(Bnsb,5) = arg sup p(v2(B2,0) ger (B2,9)) — po)

Y2E€l27(B2,6,5) t=[Ts]+1 T

with T'17 (61,9,8) = {71 : Yiger (B1,6) € ®,t = 1,...,[Ts]} and Lor (B2,0,s) = {72/ s Yhair (B2,0) €
Ot =[Ts]+1,...,T}. The estimator ﬁT(éT(s), s) = (’Ale(ﬁAlT, or, s)'ﬁgT(BgT,Sp s)’) is denoted 4r(s)
hereafter to simplify the notation.

We need to define €(s) as

o 1 2 g, Bo, do)
Q(S) B Th_r)go var (\/T [ Z?:[TSH»I 9($taﬁ0750)

which under the null of no structural change is equal to

s€) 0
W) =[5 q ga
We also define
_ SGﬁ 0 3G6 2g % (2r+v)
G(s)—[ 0 (1-5)Ggs (1—5)@;]63” :

A consistent estimator of estimator €2(s) is given by

Qr(s) = [ Sﬁlg ) (1- s)oﬁ2T<s> ]

with
- oKr+19d ] . .
Mir(s) = T ger(B17(5), 07 (5))ger (Brr(s), 07 (s))’
and
T
Oar(s) = 2T S™ g (Bar(s), br())ger (Bar (s), 67(5))'
T [TS] t=[T's]+1

10



We now present the corresponding implied probabilities. The general formula of the implied probabilities
for the full-sample GEL estimator is defined by the following ratio (see Smith, 2004):

P1 (’NY/TgtT(BTMgT))
S o1 (?'TgtT(BT, ST))

GEL(ﬂT, ) _

Wlth ’~}/T = ;YT(BTa ST)
Implied probabilities for the full-sample ET, EL and CU estimators with the smoothed moment condi-

tions are respectively given by:
- explvr’ B3r, 6
7TtET(/6T; 5T) _ Tp[’YT gi'l;((ﬁT~ T))] 7
>t—1 exp[yrgir (Br, 67)]

o 1
EL ) B a5
U (/BTa T) T[]- + ’?’/TgtT (ﬁTv 5T)] ,

and
1

CUE
(/BTa 5T) T T

T Lo
=917 (Br,o7) % > gir(Br, o) g1 (Br, 5T)/] % > gir(Br, or).
t=1

t—1

Note that QKTH Zf_l gtT(BT, ST)gtT(BT, ST)’ is a consistent estimator of €.
The general formula for the unrestricted partial-sample implied probabilities for the GEL are defined

for s € S as:
A GO GO
Y ('AYT(S)IgtT(éT(S)v 3)) .

For example, in the case of ¢ between observations 1 and [Ts], we get for the unrestricted implied proba-
bilities at t:

3)

o~ (’AYlT(S)/gtT(ﬂAlT(S)aST(S)))
ZtT:l p1 (@T(S)’gtT(éT(s% 5))

with 417(s) = 317(Bir(s), 07 (s), 5).
For the commonly used GEL partial-sample estimators, we get

ﬂ_tET é s),s) = eXPﬁT( )gtT(eT( )7 )]
Or(3):9) = ST ol (s) g0 (6 (5),5)]
7rtEL 07 (s ,8) = ! = )
(br(e), ) T +A7(s) ger (07 (5), 5)]
CUE (p 1 1 / 1 d )
VB (07 (s),5) = 7 — o (Or thT $)gr(Or(s)s)' | D> ar(Or(s

The purpose of the next subsection is to reﬁne the null hypothesis (2) of no structural change. Such
a refinement will enable us to construct various tests for structural change in the spirit of Sowell (1996a)
and Hall and Sen (1999).

11



3.2 The null and the alternative hypotheses

Following Sowell (1996b), we can project the moment conditions on the subspace identifying the param-
eters and the subspace of overidentifying restrictions. In particular, considering the (standardized) moment

conditions for the full-sample GMM estimator, such a decomposition corresponds to:
Q2 Eg(x4, B0, 00) = PaQ /2 Eg(x1, B0, 60) + (I, — Pe)2 2 Eg(xy, Bo, bo), (4)

where Pz = Q~1/2@ [G’Q_lG]_l G'QQ~1/2. The first term is the projection identifying the parameter
vector and the second term is the projection for the overidentifying restrictions. The projection argument
enables us to refine (split) the null hypothesis of no structural change. For instance, following Hall and Sen
(1999) we can consider the null, Hé (s), for the case of a single possible breakpoint s, which separates the
identifying restrictions across the two subsamples:

| PeYV2E[g(xt,80,00)] = 0  Vt=1,...,[Ts]
HOI(S)‘{Pgﬂ-WE[g(xZﬁg,ég)] -0 vi=|

The null H}(s) is equivalent to the null hypothesis that
Ho(s) : Bi(s) = B2(s) = o (5)

since only the subvector 3 is allowed to vary across subsamples.
Moreover, the overidentifying restrictions are stable if they hold before and after the breakpoint. This
is formally stated as HS (s) = H(s) N HY?(s) with:

HSY(s) : (I, — Pa)Q Y2E[g(xy, 80, 00)] = 0 Vt=1,...,[Ts]
HS?(s): (I, — Pa)Q~Y2E[g(xs,80,00)] = 0  Vt=[Ts]+1,...,T.

The projection reveals that instability must be a result of a violation of at least one of the three hypotheses:
Hi(s), HP'(s) or HY?(s). Note that the overidentifying restrictions can be violated for both subsamples
under the alternative of a structural change while we can always find parameter values that satisfy the
identifying restrictions for one subsample under the alternative of structural change. This is the reason why
HE (s) is divided into each subsample, namely HS'(s) and H{?(s) but not H{(s). We are more explicit
hereafter about the violation of H{(s) and H(s) under the alternative of structural change. Various tests
can be constructed with local power properties against any particular one of these three null hypotheses.
To elaborate further on this we consider a sequence of Pitman local alternatives based on the moment

conditions:

Assumption 3.1. A sequence of local alternatives is specified as:

h(n, 7, %)
VT

Eg(xr+, Bo, do) =
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where h(n,T,s), for s € (0,1), is a ¢g-dimensional function. The parameter 7 locates structural changes as
a fraction of the sample size and the vector 7 defines the local alternatives.? Note that the true structural
change breakpoint 7 is allowed to differ from the possible breakpoint s chosen by the researcher. These local
alternatives are chosen to show that the structural change tests presented in this paper have non trivial
power against a large class of alternatives. Also, our asymptotic results can be compared with Sowell’s
results for the GMM framework.

Following the decomposition in equation (4) , the sequence of alternatives can be rewritten as:

1/2 h(%ﬂ%) 71/2h(7777—7%)
VT VT

where the first component is the local alternative on the identifying moments and the second is the local

Q~Y2Eg(xry, Bo, 80) = PaQ™ + (I, - Pe)Q (7)

alternative on the overidentifying restrictions.
For instability in the parameter vector (3, consider a general local alternative of the form (see Sowell
(1996a))

fn, 7 %)
VT

for t = 1,...,T. Under this local alternative, Eg(xrt, Br+,d0) = 0. A Taylor expansion of g(xrt, Ort, o)

Bre = Bo +

around [y yields

fo,7, 7 -
Eg(l‘Tt,ﬂo,tgo) = Gﬁ(\/—T’T) +0P(T 1/2). (8)
Thus, ’1(777\/%%) = —Ggf(n’i\/%%) + 0,(T~1/2). If we substitute this expression into (7), the expression (8)

is orthogonal to the last component of (7) (up to 0,(T~'/2) term) and therefore puts restrictions on
the first component (the identifying restrictions). In the case of pure structural change Pg = Pg, =

-1
Q’l/ng [G’BQ’lGQ} Gbel/z. The alternative that at some point there is a single structural break at

7, HL(7), is represented as:
ﬁ _ 60 t:L,[TT]
Tt = ﬂ0+% t=[T7+1,..,T
which corresponds to a specific form for f(n, 7, %) Thus, the null hypothesis H{ is respected for the first
subsample but not for the second at (.

For instability of the overidentifying restrictions at a single breakpoint 7 occurring before and/or after
the breakpoint, this is formally stated as H{(7) = H{'(7) N HQ? () with:

HQY(7) : (I, — Po) Y2Elg(zy, Bo, 00)] = % Vi=1,...,[T7]
HY2(r) : (I, — Po)Q V2Elg(s, 60,60)] = —2&  Vi=[T7]+1,...,T.

VT

2The function h(-) allows for a wide range of alternative hypotheses (see Sowell (1996b)). In its generic form it can be expressed as the

uniform limit of step functions, n € R}, 7 € R suchthat 0 < 11 < ™2 < ... < 7; < 1 and 0* is in the interior of ©. Therefore it can

accommodate multiple breaks.
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and 11 # 1.2 This formulation of the alternative for a single breakpoint corresponds to a specific form of
BT, &) in (7).

4 Tests for a structural change based on implied probabilities

Ramalho and Smith (2005) introduced in an i.i.d. setting a specification test for moment conditions
based on implied probabilities similar in spirit to the classical Pearson chi-square goodness-of-fit test. The

test is based on the following statistic:

S (28 (Br.br) 1)

t=1
They showed that such statistic is asymptotically equivalent to the overidentifying moment restrictions J-
test proposed by Hansen (1982). Guay and Pelgrin (2007) and Guggenberger, Ramalho and Smith (2007)
also used this statistic but adapted for weakly dependent data and showed that:

R - 2
> (TrEPE(Br,br) 1) (9)

2K +1 P

is asymptotically first-order equivalent to the overidentifying moment restrictions J-test. However, as shown
by Ghysels and Hall (1990), the J-test has no power to detect structural change in parameter values, a
property that is shared by the specification tests, (10), and the one just above, as we demonstrate below.

In the same spirit, we first consider a test statistic based on the partial-sample implied probabilities
evaluated at the restricted estimator for GEL. The implied probabilities structural change (IPSC) test

statistic is given by the following partial sum:

(Ts]
5 ~ 2
t=1

with
p1 (771T(S)/gtT(éT78)>
S (3r() ger(Or,5))
where y17(s) = ’le(/S’T, or, s) is the solution of the following maximization problem:

[p(11 (5, 5)’93{’(5,5)) — po) (11)

"TtGEL(éTv s) =

[Ts]

YiT (ﬂa 57 5) = arg Asup
v1€l17(B,0,8) t=1

evaluated at the restricted estimator 7 and for the denominator 57(s) = (Fir(s)’, Jar(s)’) with F17(s)
defined as above and Ao7(s) = %T(BT, or, s) is the solution of
T
[p(72(8,0)"g17(8,9)) — po

Yor (ﬂ7 67 S) = arg ASllp Z T . (12)
Y¥2€l21(8,6,8) t=[Ts]+1

3This specification allows for the overidentifying restrictions to be violated just after the breakpoint (71 = 0 and 72 # 0), just before
the breakpoint (71 # 0 and 72 = 0) or both (11 # 0, 2 # 0 and 11 # n2).
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It is crucial to note that this statistic is based on the unrestricted implied probabilities evaluated at the
restricted estimator of 6.
The next Theorem establishes the asymptotic distribution for this test of a structural change under the

null and the sequence of alternatives defined in (6).

Theorem 4.1. Under Assumptions (7.1) to (7.12), the following process indexed by s for s € [0,1] satisfy,
under the null (2),

IPSCFP"(s) = BBy(s)' BBy(s) + B(,_,)(5)B(g—p)(s)
and under the alternative (6)
IPSCSPL(s) = BB,(s)BB,(s) + (H(s) — sH(1)) Q Y/2P;QY/2 (H(s) — sH(1))
+Bqp(s) By—p(s) + H(s)'Q™/? (I - Po) Q2 H(s),

where By_p)(s) is a (q — p)-vector of standard Brownian motion, BBy(s) = By(s) — sBy(1) is a p-vector
of Brownian bridge with p=r + v and H(s) = fos h(n,,r)dr.

Proof: See the Appendix.

The Theorem shows that the structural change test based on this quadratic form of the partial-sample
sum of the implied probabilities evaluated at the full-sample estimator combines two components. The
first component of the limiting distribution, which is a function of Brownian bridges, corresponds to a
stability test for the whole set of parameters (8 and ¢) and the second component to a stability test for
the overidentifying restrictions. The predictive tests proposed by Ghysels, Guay and Hall (1997) shares
the same properties. In the Appendix we show that the TPSC test is asymptotically equivalent to the test
statistic proposed by Sowell (1996b). He showed that his test statistic is optimal for a one time jump in all
moment conditions where the location of the jump is unknown and consistent for arbitrary alternatives.
These properties are then shared by our test. Note that the limiting distribution exists for s = 0 which is
trivially equal to 0. For s = 1, the test statistic corresponds to the specification test for moment conditions
developed by Guay and Pelgrin (2007) and Guggenberger et al. (2007) and by the above Theorem the

limiting distribution is given by:
Byop(1) By p(1) + H(1YQ™2 (I — Pe) QY2 H(1).

This limiting distribution shows that this test statistic has a chi-square distribution with ¢ — p degrees
of freedom under the null and has local power equal to the size to detect instability in parameter values,
as the J-test proposed by Hansen (1982). Moreover, the test statistic (9) can not asymptotically detect
instability in the overidentifying restrictions for which (I — Pg) Q~'/2H (1) = 0.*

When the breakpoint is unknown, one can construct statistics across s € S. In the context of maximum
likelihood estimation, Andrews and Ploberger (1994) derive asymptotic optimal tests based on the Neyman-

Pearson approach which are characterized by an average exponential form. The Sowell (1996a) optimal tests

4We can also show that the asymptotic distribution of the statistic IPSCTCI'EL (s) evaluated at the restricted implied probabilities is
equal to 52 [Bg—p(1)'Bg—p(1) + H(1)'Q~Y/2 (I — Pg)Q~1/2H(1)] such that the same comments hold.
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are a generalization of the Andrews and Ploberger approach to the case of two measures that do not admit
densities. The most powerful test is given by the Radon-Nikodym derivative of the probability measure
implied by the local alternative with respect to the probability measure implied by the null hypothesis.

The optimal average exponential form applied to a statistic Q7 (s) for s € S has the following form:

Bop—Qr =140 [ o (315 0r()) aits)

where various choices of ¢ determine power against close or more distant alternatives and J(-) is the weight
function over the value of s € S. In the case of close alternatives (¢ = 0), the optimal test statistic takes
the average form, aveQr = [ Qr(s)d.J(s). For a distant alternative (¢ = oc), the optimal test statistics
takes the exponential form, expQr = log (fs exp[%QT(s)]dJ(s)). The supremum form often used in the
literature corresponds to the case where ﬁ — 00. The sup test is given by sup Q7 = sup,cg Q7(5).
The following Theorem gives the asymptotic distribution for the average exponential mapping for
QP9 (s) where QIFPSC(s) corresponds to the statistic presented above based on the implied probabil-

ities.

Theorem 4.2. Under the null hypothesis Hy in (2) and Assumptions 7.1 to 7.12, the following processes

indexed by s for a given set S whose closure lies in [0,1] satisfy:

sup QFF5¢ = ilé]gs) Qpap(s), aveQiPSC = /SQ][,’q,p(s)dJ(s)7 expQiPSC = log (/S exp[;Qp’qp(s)}dJ(s)) ,
with

Qp.g—p(s) = BBy(s)' BBy(5) + B(g—p)(s) B(g—p)(s)
and J(s) is the weighting distribution function for the location of the instability s.

This result is obtained through the application of the continuous mapping theorem (see Pollard (1984)).
The asymptotic critical values were obtained using simulated Brownian motions and Brownian bridges
over 10,000 replications for maximum values of p and g — p set at 10. The critical values are tabulated for
symmetric intervals S = [sg, 1 — so].

An asymptotically equivalent modified statistic to (10) in the spirit of the Neyman-modified chi-square
test is given by:

2
[T's] (Tﬂ'tGEL(éT,s) — 1)
MEFL
IPSCMp=*(s) = 2KT+1 E TnCEL (3y.3) (13)

t=1

since Tr&FL (07, 5) = 1+ 0,(1) under the null.
In the sequel, we propose structural change tests based on implied probabilities specially designed to

detect instability in the parameters of interest or in the overidentifying restrictions.

5Tables of critical values can be obtained at http://coffee.econ.brocku.ca/jfl /research.
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4.1 Tests for a structural change in the parameters based on implied probabilities

The test statistics proposed to specifically detect parameter instability are based on the difference
between the partial sum of unrestricted implied probabilities evaluated at the unrestricted estimator éT(s)
and the partial sum of unrestricted implied probability evaluated at the restricted estimator 1. More

precisely the test statistic is defined as:

T

> (TrEE(br(s), 5) - TrE By, 5))2 (14)

1
I,GEL

with
pr (3r(5) 9er(0r. )
ZtT:1 p1 (:YT(S)/gtT(éT; S)) ’

ﬂ—tGEL(éTv s) =

where 37(s) = (F17(s)'32(s)’)" is the solution of the respective maximization problems defined in equations
(11) and (12) and 7EFL (07 (s), s) is defined in equation (3).
The next Theorem establishes the asymptotic distribution for this test of structural change in the

parameter values under the null that the vector g is constant throughout the sample.

Theorem 4.3. Under the null hypothesis in (5) and Assumptions (7.1) to (7.12), the following process

indexed by s for a given set S whose closure lies in (0,1) satisfy:

TPSC " (s) = Qu(s) = BB((l)—BB))()

and under the alternative (6)

_ BB,(s)'BB.(s) | (H(s) — sH(1))' Q= Y2Pg, QY2 (H(s) — sH(1))

@r(s) s(1—s) + s(1—s) ’

where BB,(s) = B.(s) — sB,(1) is a Brownian bridge, B, is r-vector of independent Brownian motions

and Pg, = Q71/2Gg [(Gg)’Qfng]fl (Gg)'QQ~Y/2. Moreover,

sup]PSC%’GEL = sup @, (s), aveIPSCTIJGEL = / Qr(s)dJ(s),
ses S

eprPSCQIJGEL = log (/ exp[;Qr(s)]dJ(s)) .
5

Proof: See the Appendix.

The Theorem shows that the asymptotic distribution of the test based on implied probabilities for
smoothed moment conditions is asymptotically equivalent under the null and the alternative to the Wald,
LM and LR tests for parameter instability (see Andrews, 1993). More precisely, the limiting distribution is
a function of a r-vector of Brownian bridge with the same dimension as the parameter vector 3. However,
the small sample properties of tests based on implied probabilities can differ to those of more standard

tests. Note that, in contrast to Theorem 4.2, the limiting distribution in Theorem 4.3 is valid only for S
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in the open interval (0,1). The asymptotic distribution derived above is valid under the assumption that
the parameter vector § is stable across time as discussed in Li and Miiller (2009), a property shared by the
Wald, LM and LR tests for parameter instability. These authors proposed a modified test statistic which
is robust to possible local instability in the parameter vector 6. However, if it is known for sure that the
parameter vector ¢ is stable, we can easily show that the test above based on implied probabilities is more
powerful than the test proposed by Li and Miiller (2009).

The two following modified statistics are asymptotically equivalent to the one defined above:

. - 2
I,GEL 1 ) (T”tGEL(‘gT(S)v 5) — TW?EL(QT, 5))
IPSCM1; (s) = CELZ
2Kr +14H T (01 (s), s)

and

. . 2
T (TrEEL(0p(s),s) — TrnEEL (07, s)
[PSCM2LEPL () — 1 ( ! i ) .

- _ (16)
2Kr +1 Py T7TtGEL<9T,S)

4.2 Tests for a structural change in the overidentifying restrictions based on implied prob-
abilities

Now, we propose a test statistic based on implied probabilities designed specially to detect instability
in the overidentifying restrictions. The statistic is powerful against violation of H{!(s) and H{?(s) and
is asymptotically equivalent to the ones proposed by Hall and Sen (1999) and thus shares its asymptotic
properties, but perhaps not its small sample properties. In particular, the small sample properties of Hall
and Sen’s statistic can be affected by the estimation of the covariance matrix needed to compute the
overidentifying restrictions test as shown by Hall, Inoue and Peixe (2003).

Again, the sample is split in two subamples with a single breakpoint at [T's]. An estimator of the
parameter vector is obtained with the first subsample (for t = 1,...,[T's]) and with the second subsample
(for t = [T's]+1,...,T). The entire parameter vector is allowed to vary for both subsamples. The proposed
statistic designed to detect instability in the overidentifying restrictions is based on the specification test for
moment conditions given in equation (10) for the first and second subsamples evaluated at the unrestricted
estimator.

More precisely the statistic is defined as:

[Ts]
[PSCOCPL(s) = QI(T% Z ([TS]WtGEL(élT(S)’ o - 1)2 -
! S GEL () 2
+m Z <(T - [TS])T‘} (021 (s),s) — 1)

t=[Ts]+1

where élT(s) = BlT(s) and égT(s) = BQT(S).
The next Theorem establishes the asymptotic distribution of this statistic and the corresponding map-

pings.
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Theorem 4.4. Under Assumptions (7.1) to (7.12), the following process indexed by s for a given set S
whose closure lies in (0,1) satisfy IPSCTQ’GEL(S) = Qq—r(s) with under the null of no structural change

Qq—r(s) = Bq_r(s);Bq_T(S) + [Bq_r(l) — Bq—T’(Sl)]_[fq—r(l) — Bq—r(s)}

and under the alternative (6)

By (5 By o(s) | H(YQ7V2 (1~ Po) 0~V (s)
[By—r(1) — qur(s)]/ [By—r(1) = By—r(3)] + [H(1) - H(S)]/ Q12 (I —FPg) 012 [H(1) — H(s)]
1—s (1—s) ’

Qq—r(s) =

-1
where By, (s) is a g—r-vector of standard Brownian motion and Pg = Pg, with Pg, = Q_l/QGg (G%Q_ng) G'Q1/2,
Moreover,

supIPSC:,Q’GEL :squq,r(s), cweIPSC?’GEL = / Qq—r(s)dJ(s),
sE S

eprPSCg’GEL = log (/ exp[;QqT(s)]dJ(s)> .
S

Proof: See the Appendix.

The Theorem shows that the proposed test statistics can detect instability occurring in overidentifying
H(s)'Q Y2(I-Pg)Q /2 H(s)
S

restrictions before and after the breakpoint. Indeed, the term corresponds to a

structural change in the moment conditions before the breakpoint s while the term

[H()—H(s))Q Y2(I-Px)Q~/2[H(1)—H(
(1-s)

The asymptotic critical values for the interval S = [.15,.85] can be found in Hall and Sen (1999). For

) to a structural change after the breakpoint s.

other symmetric interval [sg,1 — s¢], critical values can be obtained in Guay (2003), Tables 1 to 3 for a

number of overidentifying restrictions divided by 2 (in those tables). To see this, note that the critical
B‘Zq—?r(s)/B?lZ*QT(S) ar

values for the supremum, the average and the log exponential mappings applied to e

Bq—r(s);Bq—T(s) + (Bq—r(l)_Bq—r(s)l)L(qu—r(1)_3(1—7“(5)) fOI' a Symmetric

equivalent to ones corresponding to
interval 5.6

An asymptotically equivalent statistic to I P.S C’g GEL (s) in the spirit of the Neyman-modified chi-square
test is given by:

1 L (ISR Bur(s), 5) 1)2

IPSCM7 "M (s) = 5y ; T (o) 5] (18)
R (7 = [Ts)m @ (b (s). 5) - 1)2
2K +1, = (T = [Ts)nfP (lor(s),s)

6This is verified by comparing the critical values in Hall and Sen (1999) and Guay (2003). The critical values in Table 1 in Hall and

Sen for ¢ — r in our notation are the same than the critical values in Guay (2003) but for 2¢ — 2r.

19



4.3 A structural change test robust to weak identification or cases in which parameters are

completely unidentified

We propose here a test statistic robust to the context of weak identification, as defined by Stock and
Wright (2000), or robust to cases in which parameters are completely unidentified. Consider the pure
structural change case with # = (3,)". We need to introduce a restricted estimator 0~T(s) obtained
with the partial-sample GEL objective function. A restricted partial-sample General Empirical Likelihood
estimator {GNT(S)} is a sequence of random vectors such that:

T

- k ! 0 _
Gr(s) = argmin  sup [p(k~(s) gtij’_’( ,5)) = pol
IS0 y(s)efr(0.9) =1
kg (B) —pol | o~ ka9 (8)) — pol
= argmin sup E ! + E 2
BEB = T T
Y(s)elr(0,5) \ t=1 t=[Ts]+1

for all s € S where gi7(0,5) = (g:7(08),0') € R?¥! for t = 1,...,[Ts] and gir(0,5) = (', gi7(B)") €
RV for t = [Ts]+1, ..., T withA(s) = (14, 74)’ € RV and Pr (6,5) = {4(s) = (44, %8)' k() gur (6, )}
The statistic is defined as:

()
1 ~ 2
IPSCRCEL () Tr 1 3 ([Ts]ﬁtGEL(eT(s), s) — 1)
t=1
1 ) ) ,
taerg o (@@l - 1)
T t=[T's]+1

The statistic depends on unrestricted implied probabilities for the first and the second parts of the sample
evaluated at the restricted partial-sample GEL estimators.

We show in the Appendix that this test statistic is asymptotically equivalent at first-order to the S-
based test in Caner (2007). The test statistic is not asymptotically pivotal but asymptotically boundedly
pivotal. The bound is then free of nuisance parameters and robust to identification problems under the
null. The following theorem gives this asymptotic bound under the null of no structural change and the

local alternative (6).

Theorem 4.5. Under Assumptions (7.1) to (7.5) and (7.7) to (7.12), the process IPSCZ,I?’GEL(S) indexed
by s for a given set S whose closure lies in (0,1) is asymptotically boundedly pivotal and the asymptotic

bound distribution is given by:

[By(1) = By(s)]' [By(1) = By(s)]
s 1—s

under the null of no structural change and under the alternative (6) by

By(s)'By(s) n H(s)'Q " H(s)
[By(1) = By(s)]' [B4(1) = By(s)] | [H(1) — H(s)' Q" [H(1) — H(s)]
15 * 13 :

Qq(s)
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where By(s) is a q-vector of standard Brownian motion.

Proof: See the Appendix.

The asymptotic bounds are valid for strong, weakly identified and completely unidentified cases. Critical
values under the null for the different mappings are given in the same tables as those of subsection 4.2. The
asymptotic bound under the local alternative allows us to examine the power of the test under different
assumptions with respect to identification. Consider the decomposition of the alternative according to (7),

namely

h(’l’],T,%) 1/2h(7’]77—7%) _1/2h(7777-7%)
VT VT VT

This decomposition and the asymptotic bound under the alternative show that the ability of the test

= PGBQ_ + (Iq — PGB) Q

statistic to detect a structural change in the parameter values depends on the Jacobian matrix Gg (see

equation 8). Under weak identification, G3 has a weak value which means that Gg r(0) = % for a C

matrix of dimension g X p. In this case, the test statistic has trivial power equals to the size. Obviously, it

is also the case when the parameters are unidentified because G = 0. In fact, the test statistic will detect
t

% for a > 1 in the weak identification (again

see Stock and Wright (2000)). For instance, the test statistic will detect structural change in the parameter

instability in parameter values for alternatives such that

values with no trivial power for the following fixed alternative:

Iy ) Bre = fo Vt=1,...,[Ts]
HA(S)—{@Tt = Bo+n Vt=[Ts]+1,...,T.
The discussion above also holds for the S-based test statistic proposed by Caner (2007) who derived the

bound only under the null.

5 Simulation evidence

To evaluate the performance of the test statistics, and to facilitate comparison with previous studies, we
use the data generating process found in Ghysels et al. (1997) and in Hall and Sen (1999). The time series
model used is an AR(1) process for the variable x; (see also the Introduction). One parameter is estimated,
the autoregressive parameter (denoted by (3 in the expression below), using two moment conditions formed
with the lagged values of x;. In this context, the parameters are well identified. A simulation study for
cases of weak identitification is left for future research.

The data generating process is given by
Ty = Bii—1 + ur + qug—o

fort =1,...,T. Structural change in the identifying restrictions (in the parameter) is studied by considering
different values of 3; where the index i = 1,2 denotes the first or second subsamples and @ = 0 for the

whole sample. Structural change in the overidentifying restrictions is studied by considering nonzero values

21



of a in the second subsample. The break is set at T/2. In the above, u; ~ N(0,1). The sample size was
set to 200 observations and the number of Monte Carlo replications was 2000 (for each replication one
constrained and 242 unconstrained optimization problems were solved for a total of 486,000 numerical
optimization). A trimming rule of 0.15 was used, namely S = [.15, .85].

We consider 10 parameter configurations. DGP 1 to DGP 3 correspond to the null hypothesis of struc-
tural stability denoted by Hy. Experiments with DGP 1 to DGP 3 cover cases with 8 = 0, .4, .8 respectively
for the whole sample and o = 0. For those DGPs, we then vary the magnitude of the autoregressive pa-
rameter 3. The alternatives of instability in the parameters denoted by HY is investigated under DGP 4
to DGP 6 which covers the following cases: DGP 4 has 81 =0, 82 = .4, DGP 5 has 8; =0, 82 = .6 while
DGP 6 has 8 = .4, B2 = .8 with a = 0 for all these three DGPs. To investigate the alternatives of insta-
bility in the overidentifying restrictions denoted by HS, we consider various values of the moving average
parameter. For DGP 7 to DGP 10, « is fixed to zero for the first part of the sample and to .5,.9,—.5, —.9
respectively for the second part of the sample. Under Hy, where a = 0, the instruments are appropriate.
Under the first class of alternative hypothesis (H%) the two instruments are also valid while they are no
longer for the second part of the sample with the second class of alternative hypothesis (H9).

Smoothing the moment conditions can be done via an appropriate choice of smoothing parameter K.
In a GMM setting this is equivalent to using some form of estimate of the long-run covariance matrix
of the moment conditions (for example using the Newey-West estimator as the weight matrix in the
GMM quadratic form). Most of the previous simulation work considered a fixed degree of smoothing (see
for example Gregory et al. (2002) and Guggenberger and Smith (2008)). Otsu (2006) did look at fixed
smoothing but also looked at applying the automatic bandwidth selection rule of Newey and West (1994).
We follow Otsu’s approach and consider fixed values of Kr = {0,1,2} as well as a value of Kt selected
using the data-driven procedure. For the former, the highest fixed K7 is set to 2 due to small samples issues.
Indeed, with a 15% trimming and 200 observations we have samples of 30 observations with only 6 non-

overlapping blocks of data such that 2I[<TT7TT1 = 35—0. For the latter, we select a bandwidth parameter, mp, via

an automatic, data-driven, procedure which is then transformed as K7'" = [(my—1)/2]. In our simulations,
K ranged from 1.4 to 2.3. The smoothing parameter was increasing in the autoregressive parameter 3 and
in a. In general, as the smoothing parameter increases the rejection frequencies deteriorates. For example,
the LM test, (20), and the Op test, (22), become more conservative while the rejection frequencies for
the other tests increase. Guay (2003) obtained similar results in the GMM context with the data driven
procedure but with more size distortions in the majority of the cases.

The rejection frequencies, associated with a nominal size of 5%, are presented in Tables 1 to 3. Power
figures (for DGP 4 to 10) are size-corrected as rejection frequencies under the null were distorted for some
values of K. For DGPs 4 and 5 we used corrected critical values from the null DGP 1 while for DGP 6 to
10, critical values were obtained from DGP 2.7 In these tables, the second column contains the smoothing
parameter labeled as either 0, 1, 2 for the fixed case or K'" for the data-driven case. We present the the

supremum, exponential and average version of the test statistics.

"The results are not qualitatively different depending on the use of size-corrected critical values from DGP 1 or DGP 2.
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In particular, Table 1 contains the results for the general specification tests IPSC, (10). Table 2 contains
the rejection frequencies for the test statistics designed to have power against a structural change in the
parameters (test IPSCY, (14), and the comparison tests Wald, LM and LR appearing below) while Table
3 presents the results for test statistics which are designed to have power against a structural change in
the overidentifying restrictions (test IPSC?, (17), and the comparison O test, (22)). All test statistics
were computed in the GEL setting using exponential tilting. The tests used for comparison appear in Guay
and Lamarche (2009). For completeness we report the Wald, LM, LR and O tests (also computed using
exponential tilting). The Wald test is

Waldr(s) =T (Bir(s) - for(s)) (Vals)) ™ (Bur(s) - far(s)) (19)

. . . . R R R -1
where Vo(s) = (V1 (s)/s+ Va(s)/(1 — s)) and V;(s) = (GftT(s)'Q;%(s)Gf(sD for i = 1,2 correspond-
ing to the first and the second parts of the sample. For the first part of the sample:

[Ts] 3 2 (Ts]
A 1 9] 5),0(s ~ 2K + 1 R
Glor(s) === > gtT(ﬁl(/) ( ))7 Mir(s) = T thT Bu(s),0)ger (Br(s),6(s))
' [T's] — op;
and for the second part of the sample:
T 3 2 T
5 1 dgir(Ba(s), 6(5) 2y + 1 L L
g _ geT (P2 o) /
G27tT T — [TS] t_%+l aﬂé ) 2T( ) T _ [TS] t_wzé;+l gtT(ﬁ2(3) 5( ))gtT(ﬁ ( ),(5(8)) .
The Lagrange Multiplier statistic is given by:
T . ~ . N . ~
LNz (5) = o yonr (B, 5) 0 Gy (G0 G| (GO air(Or, s) (20)

where gi7(07,5) = T Zz[STsl] gir(07), éfT =1 thl 8‘%57&3’6), Qp = 28zl Zthl 97 (B,8)gi7(B,6)".
The LR-like statistic is defined as:

T | p(3r(s) gir(0, 5) r ) ger(0(s), ) — po
LRr(s) = 21?::1 Z[PV gT - Z[ & T = (21)

t=1 t=1

~ ~ /
with A7(s) = (’Nle(ﬁp A1, 8) Y1 (Br, AT, s)’) as defined in eq. (11) and (12). And finally, the test statistic
proposed by Hall and Sen (1999) is

Or(s) = Olp(s) + O2r(s) (22)
where 1 - A A . A -
Olr(s) = T > g (Bi(s),8(s)) | Qip ZQtT 3(s))
t=1
and
(7] " ) o
O2r(s) = > gir(Bals),0(s) | Qap(s) > ar(Bals),0(s))

V( T‘S ) 1= [Ts]+1 (T = [T's]) t=[Ts]+1
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We begin the discussion of the results with some general comments. First, even if all test statistics
showed some overrejection or underrejection, the new test statistics based on implied probabilities (specially
the average mapping), ITPSC’, (14), and IPSC?, (17), achieve a size distortions comparable than the
traditional tests and better power under the alternatives while the general specification test IPSC, (10)
has some power against both a change in the parameters and in the overidentifying restrictions. Second,
when comparing the supremum, average and exponential versions of all test statistics, the average mapping
of the tests exhibited the best rejection frequencies while the exponential mapping came second. That is,
closer rejection frequencies to the nominal size under the null hypothesis and high rejection frequencies
under the alternative were obtained. Second, the modified tests IPSCM, IPSCM1!, IPSCM?2! and
IPSCMP (given by (13), (15), (16) and (18)) have rejection frequencies that are much too large and for
this reason are not reported in the tables. The intuition for this is that the modified test statistics contain
a more volatile term in the denominator which can inflate the value of the tests and hence increase the
rejection frequencies. Lastly, in terms of smoothing, we note that the data-driven choice of K7 was on
average somewhere between 1 and 2, depending on the DGP. This explains why the results for the data-
driven Kp are similar to those obtained with a fixed smoothing parameter of 1 or 2. In general, a higher
K increases size except for LM and O tests for which the size decreases and reduces power. We now turn
to the results in more details.

Focusing first on size (DGP 1 to DGP 3), we observe some overrejection for all tests with the exception
of the LM, (20), and O, (22), tests which are conservative (as mentioned above, a similar results was found
in the GMM context). The degree of overrejection can be as small as about 1% (usually for the average
mapping) to as large as 15% (for the supremum mapping). Typically, the size of all tests is deterioring
with an increasing K7. Under the null of no structural change (DGP 1 to DGP 3) and K1 = 0, all tests
deliver an empirical size close to the nominal size. This is not surprising since for those cases the error
terms are uncorrelated. The data-driven procedure which is specifically designed to minimize the mean
squared error of the GMM estimator seems not to be well adapted for structural change testing procedure.
In fact, there is no theoretical reason that such a data-driven procedure tailored for estimation purpose
delivers good performance in testing context. Amongst the tests considered in this paper the IPSC test,
(10), obtained the best rejection frequencies under the null hypothesis. Further, the performance of the
IPSC test, (14) is, in general, comparable to the LR test and better than Wald test. Based on the small
sample size properties, no test clearly dominates the others and the empirical size is close to the nominal
size for K1 = 0 for all tests.

The study of power is divided into two cases. In case 1, structural change occurs in the parameter
[ while in case 2, structural change occurs in the overidentifying restrictions. Under the alternative of
instability in the parameter, H (DGP 4 to DGP 6), we see that the newly proposed test statistics based
on implied probabilities have good rejection frequencies®. The power of these test statistics is greater than
the power of the standard Wald, LM and LR tests. The more general specification test IPSC, (10), has

some reasonable power.

8Note that DGP 5 reflects the most extreme structural change in the parameters.
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Under the alternative of instability in the overidentifying restrictions, e.g. HS, (DGP 7 to DGP 10),
we see that the test statistics specially designed to detect a change in the parameter IPSCT, (14), and
the LM, Wald and LR tests have some power while the targeted IPSC?, (17), and O, (22), tests have
very good power.? Importantly the average tests based on implied probabilities are seen to have higher
power than the O tests in all cases except one. As expected, the general specification tests based on implied
probabilities I PSC, (10), have rejection frequencies that fall in between those of IPSC?, (17), and IPSCY,
(14).

The increase in the autoregressive coefficient from 0 to 0.8 does not impact greatly on the rejection
frequencies under the null hypothesis but under the alternative hypotheses the magnitude of the change is
important. Under HY, for example, we see that power is close to unity when the change in the autoregressive
parameter is quite extreme (0 to 0.6 in DGP 5). Under HY, which captures a change in the overidentifying

restrictions, an increase (in absolute terms) in the moving average coefficient increases power.

6 Conclusion

In this paper, we suggest different types of testing procedures for the detection of a structural change.
Each procedure is based on different measures of the discrepancy between the estimated weights and the
unconstrained weights % computed in a Generalized Empirical Likelihood (GEL) setting. Specifically, we
propose general structural change tests to detect instability both in the identifying restrictions and in the
overidentifying restrictions, instability in the identifying restrictions and instability in the overidentifying
restrictions. We found that tests based on these implied probabilities in a well identified context have
comparable finite sample size and better power properties than standard tests. We also propose a boundedly
pivotal structural change test based on implied probabilities robust to cases of weak identification and
cases in which parameters are completely unidentified. The relative small sample performance of this
test compared to alternative tests proposed by Caner (2007) is left for future work. Moreover, additional
research is needed to improve the small sample size properties of existing structural change tests relative
to the choice of the smoothing parameter in GMM and GEL settings.

Another interesting extension is to develop optimal tests like the ones proposed by Rossi (2005), but
based on implied GEL probabilities, to jointly test for parameter instability and for a null hypothesis on
a subset of the parameters. Such tests (much like those used in this paper) would eliminate the need to
compute the weighting matrix as required to perform optimal tests proposed by Rossi (2005) and thereby

could improve the small sample properties.

9The result that the tests specifically designed to detect structural change in parameter values have some power is not surprising. Indeed,

the violation of the overidentifying restrictions results in a biased estimator of the parameter 3 in the second part of the sample.
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7 Appendix

7.1 Assumptions

We consider triangular arrays because they are required to derive the asymptotic results under the Pitman drift
alternatives. Define X to be the domain of g (-, 0) to include the support of Xr¢, vVt and VT'. Let Bo and Ag denote
compact subsets of R" and R” that contain neighborhoods of 3y and do in the parameter spaces B and A. Finally,
let ur¢ denote the distribution of X7 and let i = (1/7)) Ethl prt. Throughout the Appendix, w.p.a.1 means with
probability approaching one; || - || denotes the Euclidean norm of a vector or matrix; 2, and -% denote respectively
convergence in probability and in distribution and = denotes weak convergence as defined by Pollard (1984, pp.
64-66).

Assumption 7.1. {z7; : t < T,T > 1} is a triangular array of X-valued rv’s that is L°-near epoch dependent
(NED) on a strong mizing base {Yr¢ : t = ...,0,1,...;T > 1}, where X is a Borel subset of R*, and {ur. : T > 1}
is tight on X.1°

Define the smoothed moment conditions as:'*

t—1

530 = 3= 3 k(4 ) a(orenso)

m=t—

for an appropriate kernel. From now on, we consider the uniform kernel proposed by Kitamura and Stutzer (1997):

Kp
1
gir(8,6) = e 1 m;KT g (xTt—m,B,0).

L

Assumption 7.2. K1 — oo as T — oo and K1 = O, (T%) for some n > 112,

Assumption 7.3. For some d > max (2,%), {9 (z1+,8,6) : t < T,T > 1} is a triangular array of mean
zero R-valued random variables that are L*-near epoch dependent of size —% on a strong mizing base {Yr: : t =

2
.,0,1,...;T > 1}, of size —d/(d — 2) and sup||g (z1+,8,0) ||? < co.
Assumption 7.4. Var (% 23:51 g (z1e, B, 5)) — sQ Vs € [0,1] for some positive definite ¢ X g matriz .

Guay and Lamarche (2009) show that the above assumptions are sufficient to yield weak convergence of the
standardized partial sum of the smoothed moment conditions under the null and the alternatives. In the following,

x: is used to denote x7: for notational simplicity.

Assumption 7.5. (8o, 80) = 0 with (80,00) € B x A where §(8,0) = limr o0 7 S Eg(x,8,8) and B and A
are bounded subsets of R" and R”, g(x¢,3,0) is continuous in x for all (8,8) € B X A and is continuous in (3, 9)
uniformly over (8,9,z) € B x A x C for all compact sets C C X.

Assumption 7.6. For every neighborhood ©9 C © of 6o, infses (infoco/o, [|9(6,s)|]) > 0 where g(6,s) =
('Sg(ﬁla 6)’7 (1 - S)g(ﬁ27 6)’)/'

10For a definition of LP-near epoch dependence and tightness, see Andrews (1993, p. 829-830). For a presentation of the concept of near
epoch dependence, we refer the reader to Gallant and White (1988).

HNote here that g;7 denotes the smoothed moment conditions and x7; a triangular array of random variables.

12This assumption is slightly different than that in Smith (2004) but facilitates the proofs at no real cost.
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Assumption 7.7. (a) p(-) is twice continuously differential and concave on its domain, an open interval ®
containing 0, p1 = p2 = —1; (b) v(s) € T'(s) where I'(s) = {y(s) : ||7(s)| < D(T/(K%)_C} for some D > 0
with £ > ¢ > m

Under Assumptions 7.1, 7.2, 7.3, 7.5, 7.6 and 7.7, Guay and Lamarche (2009) show for the partial-sample
GEL that sup,cs |0r(s) = boll £ 0, sup,cs [4r(s)| 2 0, [5r(s)| = O, (7/K3) " and
sub,es [|7 Xims 9ir (Or(s), 5) | = Op(T /7).

The consistency of the full-sample GEL estimator is obtained by slight modifications of Assumptions
7.6 and 7.7 (b) (see Guay and Lamarche, 2009). The following high level assumptions are sufficient to
derive the weak convergence under the null and the alternative of the PS-GEL estimators 07 (s) and 47 (s)

(see Guay and Lamarche, 2009). These assumptions are similar to the ones in Andrews (1993).

Assumption 7.8. sup,cg [|Qir(s) — Q| 2 0 where Q is defined in Section 3.1 and S whose closure lies
in (0,1) fori=1,2.

Assumption 7.8 holds under conditions given in Andrews (1991) and Lemma A.3 in Smith (2004). To

respect these conditions, Assumption 7.3 can be replaced by the following assumption:

Assumption 7.3'. {g(x1,0) : t <T,T > 1} is a triangular array of mean zero R%-valued rv’s that is a-
mixing with mixing coefficients > 72, §2a(j)V=Y/" < oo for some v > 1 and supi<r1>1E|g (z7¢,0) |2 <

oo for some d > max <4y, %)

Assumptions 7.3" and 7.8 guarantee for the full-sample and partial-sample GEL that

~ 2K +1
0 — +

T
T="—0rF > gir(Br, 61)ger(Br, o1)" > Q

t=1

and

T
Or(s) = 2503 gur(Or(s), s)gir (Br(s), ) 2> 9(s)

Now, let G(8,0) = limp .00 2 321, E [0g(xy, 8,6)/0 (8, 6")] and G = G(Bo, do).

Assumption 7.9. g(z,(3,0) is differentiable in (5,0),V(8,0) € By x Ag Vo € Xo C X for a Borel
measurable set Xo that satisfies P (xy € Xo) = 1Vt < T, T > 1, g(x,3,0) is Borel measurable in x ¥ ((,0) €
By x Ao, dg(xt, 8,0)/0(0,08") is continuous in (x,5,0) on X X By x Ay,

sup E sup Hag(l‘taﬁa 6)/8 (61761) ||d/(d_1) <00
1<t<T (B,8)€EBoxAg

and rank(G) =r + v.
Assumption 7.10. lim7p_ o % EtT:1 Egqr(8,0) exists uniformly over (3,0,s) € B x A x S and equals

SlimT_>oo % Zz—‘:l Eg(xt7ﬂ75) = sg(ﬂ’ 6)
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Assumption 7.11. limy_, + 221 Edgir(Bo,00)/0 (6',9") exists uniformly over s € S and equals sG
Vs € S and S whose closure lies in (0,1).

Assumption 7.12. G(s)'Q(s)"1G(s) is nonsingular Vs € S and has eigenvalues bounded away from zero

Vs € S and S whose closure lies in (0,1).

7.2 Lemmas
The following Lemmas are necessary to establish the proofs of the Theorems:

Lemma 7.1. We denote {B(s) : s € [0,1]} as g-dimensional vectors of mutually independent Brownian

motion on [0,1] and define

0/2B(s
Ie) = { Q2B < B(s)

where B(r) is a g-dimensional vector of standard Brownian motion. Under Assumptions 7.1 to 7.12, every
sequence of PS-GEL estimators {0p(-), 47 (-), T > 1} satisfies

VT (br()=60) = —(GO/20)7'60) T GO0,

VT

s = (207 - a0 (@ran) ()T Gtyan ™) )

as a process indezed by s € S, where S has closure in (0,1). Further, the sequence of GEL estimators 07 (")
and the sequence of auziliary estimators 47 (-) are asymptotically uncorrelated. Under the alternative (6),

the same results hold except that:

B QV2B(s) + H(s)
J(s) = [ QY2(B(1) — B(s)) + H(1) — H(s) }

where H(s) = [ h(r)dr with h(r) = h(n,7,7) to simplify the notation.

Proof of Lemma 7.1: see Guay and Lamarche (2009).

Lemma 7.2. Under Assumptions 7.1 to 7.12, for the unrestricted implied probabilities evaluated at the
restricted estimator, we get
~ 1 1 ~ -
m B (Or, 5) = 7+ g9 (Or,8) 30 (s) (1 + 0p(1)) + Op (Kr/T?)

and 7rtGEL(§T) = % + 0,(1) uniformly int = 1,...,T. According to the notation in Definition 3.2, for
t=1,...,[Ts],

TPl (07, 5) — 1 = gir(Br, 67) F17(s)(1 + 0,(1)) + O, (K1 /T)
and fort=1[Ts]+1,...,T,

TP (0r,5) = 1 = ger(Br, 1) Far (s)(1+ 0,(1)) + Op (K1 /T).
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Proof of Lemma 7.2
We need to derive the asymptotic distribution of the partial-sample implied probabilities evaluated at

the full-sample estimator:

pr (3r(5) 9er (0r. )
ZtT:1 p1 (:YT(S)/gtT(éT; S)) .

ﬂ—tGEL(éTv s) =

with 37(s) = (a7 (s),327(5)"), f1r(s) = Fir(Br,3r,s) and F17(s) = F170(Br, 37, 5). A mean value
expansion for 76FL 0y, s) around (Or,37(s)) = (O, 0) yields:

i 2 (92(s) g7 (B ) _

WP = gty (WTN = T~) 9er (Or, ) 7r(s) -
S o1 (Fr(s)gir (O, s) )

p1 (%(S)'gtT(gTaS))

[EtT:l p1 (:YT(S)/gtT(gTa S))}

3 in <7T(5)IgtT(§T, 8)) gtT(gT, s)'y7(s)

where 77(s) lies on the line segment joining Jr(s) and 0 and may differ from row to row.
Since A7 (s) converges in probability to 0 and using Lemma 4.3 in Guay and Lamarche (2009), this
yields that p; (’7’]“(8)’9,5’]‘(5]’75)) = p;j(0) + 0p(1) = =1 4+ 0p(1), for j = 1,2, Vt. Thus, we get:

ﬂtGEL(éT,S) = % % [gtT(éT,S)'%(s) (1+ Op(l))} — %

T
> ger(Or,s)Ar(s) (1 + Op(l))] :

As S g(xe, Br,or) = o8, gir(Br, 07)4+0, (K2 /(2K + 1)) = O,(T"/?) which implies 1, gir(fr, s) =
Op(Tl/z), gtT(éT, s) = Op((QKT + 1)*1/2) and 4p(s) = Op(QKT + 1/\/T) 13yields:

"FHGr, ) = 7+ o [9er B, )/ 32(5) (1 0p(1)] + O, (K /T?)

and

R (i, 5) = o (14 0y(1)

uniformly in ¢t =1,...,T. Thus, we get:

Trg "5 (0r,5) = 1 = ger(Br, 1) 311 (s)(1 + 0,(1)) + Op (K /T)
uniformly in ¢t =1,...,[Ts] and

TrPL(0r,s) — 1 = gr(Br, 01) For (s)(1 + 0p(1)) + O, (K1 /T)
T.

uniformly in ¢t = [T's] +1,...

)

13See Kitamura and Stutzer (1997) and Guay and Lamarche (2009).
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7.3 Proofs of Theorems

Proof of Theorem 4.1

We expand the FOC of the Lagrange multiplier vector for the partial-sample GEL evaluated at the

restricted estimator in a Taylor series about 0 for the first part of the sample t = 1,...,[T's]. Thus

1 [Ts] o o [TS] [TS]

T > (%T(S)/gtT(ﬁT, 5T)) ger(Br,0r) = —— thT Br,br) — = thT Br,61)g1r (Br, 61) F17(s)
t=1

[TS] o0

+ ngt:r Br,or) Z ,Pg+1 (gtT(ﬁTng)/%T(S))j

2

where 417 is the partial-sample Lagrange multiplier evaluated for the restricted estimator fort = 1,.. ., [Ts]
and p;(0) = p2(0) = —1. By the fact that ger(Br,0r) = O, ((2K7 + 1)~1/?), this yields

[Ts] [Ts]
Z P (71T ) gir (B, 5T)) ger(Br.or) = —% > gir(Br, or) — % > 9er(Br, 61)ger (Br, 61)' 31 (s)
t=1 t=1

+

Oy ((2Kr + 1)~ 1 (s) )

By using a consistent estimator Qp = 2{%]1 £Tg1 gtT(ﬂT, JT)gtT(BT, 5T) and Y17(s) = O, ((2KT + 1)/\/T),
we get under the null:

[Ts]

=7 > 900 (Br,07) + 5o——=QrAi7(s) + O, ((2KT + 1)_3/2||%T(8)||2)

2K+1

which yields

[Ts]
s a1l = 1/2
2Ky T 171T(8) =07 = ;:1 ger(Br, 07) + Op (KT /T) : (23)

We also can easily show for the restricted estimators under the null that (see also Smith, 2004):

T
ﬁT —ﬁo - _ G/Q—lG -1 G/Q_li ) 1 24
f( 5T_60 ( ) ﬁéQtT(ﬁOv 0)+OP( ) ( )
By Lemma 6.1 in Guay and Lamarche (2009), under the null of no structural change, we have
P (Ts]
Qi p— g T(ﬁo,éo) = B(S) (25)
and under the generic alternative (6),
1 Tl
Q2= " g (B0, d0) = B(s) + Q /*H(s) (26)
VT S
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where B(s) is a g-vector of standard Brownian motions and H(s) = fos h(r)dr. Note also that:

[Ts] [Ts]

*thT Bo,d0) = th Bos do) + 0p(1).

Using Lemma 7.2 and eq. (23),

(Ts) '

TW?EL(éps) -1 = - 2KS+ 1 o1 thT /BTaéT) + 0, ( 3/2/T) X
9e7(Br, 67)(1 + 0,(1)) + Op (K1 /T). (27)

Let us now examine the asymptotic distribution of the expression on the right-hand side. First, we show
the following asymptotic result for the partial sums of the moments conditions evaluated at Or:

[Ts]
Q172 thT Br,or)| = B(s) — sQ V2G[G'Q G]G0 Y2 B(1).

By a mean value expansion:

[T's] [Te

dg9vr(Br, o) ( Br — fo >
ZQtT Br,br) = thT Bos do) + tz:l 0307\ 5r—d

where (37 lies on the line segment joining 37 and (B and may differ from row to row and respectively for

d7. By applying eq. (24), we obtain

[Ts] (Ts]
1
thT Br,or) = thT (B, 60) — sGIG'Q 1G] G 2 Zgﬂ (Bo: 60) + 0p(1).
VT & VT & T~
It follows by (25) that
[T's]
1/2\/>ngf Br,0r) = B(s) — sQ~V2Q[G’'Q7 GG’ /2 B(1). (28)
By (27), the following partial sum can be shown to be:
[Ts] L 179l "]
= 2K + 1 ~ - -
ST 7 F (br,5) -1 = thT (Br,0r) | > ger(Br, 1) g (Br, o1)’
t=1 s t=1
[Te
2K + 1 ~
S thT (Br,or) | +0,(1).

Considering that Q7 = 2{;—51 LTél] gtT(ﬁT, ST)gtT(BT, ST)’, the expression above gives:

(Ts] [Ts] ! [Ts]

. 2K +1 1 -~ < ~ 3.5
[T 7TGEL(@ ’S)_l]in _ E g (ﬁ , 0 ) Q| — E g (6 ,0 ) + o0 (1>
Z t T \/thl T ’ \/thl e ’

S
t=1
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The partial sum of interest yields (by equations (28) and the consistency of QT):

(Ts]

e TR (O s) ~ 12 = [B(s) — sPaB(1)) [B(s) — sPeB(L)]. (29)
t=1

The expression [B(s) — sPgB(1)] can be rewritten as: [I — Pg| B(s) + P [B(s) — sB(1)]. We can now
decompose: Q~2G(G'Q7IG) G2 = C'AC where CC" = I, A = [ 6” 8 } and I, is an identity
matrix with dimension p X p where p = r 4+ v with r and v the respective dimension of the vectors 3 and §.
Note also that C'B(s) has the same asymptotic distribution as B(s). The RHS of expression (29) can then be
rewritten as: B(s)' [[ — C'AC] B(s)+[B(s) — sB(1)] C'AC [B(s) — sB(1)] which is equal in distribution to
Bg—p)(8) Bq—p)(s) + BBy(s) BBy(s) where B(4_,(s) is a (¢ —p)-vector of standard Brownian motion and
BB,(s) = By(s) —sBp(1) is a p-vector of Brownian bridge. The result follows. The asymptotic distribution

under the alternative (6) can be easily obtained similarly using (26).

Proof of Theorem 4.3

By Lemma 7.2 applied to the difference between the partial-sample implied probabilities evaluated at

the unrestricted and at the restricted estimators we get:

T [u(Br(s), 5) = 7(0r,5)| = 9ur(Br(s), 5)'3r(5) (1 + 0(1)) = gur (O, 5) Fr()(1 + 0,(1)) + Oy (K /T).
Let us define the following selection matrices:

H1 — |: ITXT O’I"X’l‘ O’I"XV and H2 — |: 8T><T ITXT O’I"XV :| .

UXT vXr VXV UXT vXTr VXV

N N N . ! N N
and the corresponding estimator: 617(s) = Hi0r(s) = (ﬂlT(s)', 6T(s)’> and Oor(s) = Habr(s) =
. . ! < - ~ - / -
(ﬁgT(s)’, (5T(s)’) . Similarly, for the restricted estimator 617(s) = H167(s) = (BT(S)’, 6T(s)’) and a7 (s) =
- - N !
Hyfr(s) = (ﬁT(s)’, 5T(s)’) . Accordingly, we define 6, o = H10y = (3},0,) and 029 = Haby = (85, )"

Let us examine the expression for the first part of the sample, namely ¢ = 1,...,[T's]. Replacing the

unrestricted and the restricted estimators of v by the corresponding expression (23), we get:

— Ts] ’
T |mbr(s),s) = mlbr,s)| = - |@Kr+ 10 thT )+ 0p(1) | ger(Br(s), 5)(1 + 0p(1))
- v "
+ | (2K + 1)Q(s) thT Or, )+ 0p(1)| ger(0r,s)(1+ 0p(1))
O, (Kr/T)
which equals
A ) (Ts] I ] !
T |7 (0r(s),s) — me (07, S)} thT 17( Ts] thT(elT) + op(1)
t=1

xQ~! (2KT + 1>gtT(01T(5))(1 + 0p(1)) + OP(KT/T)
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since Gyp(-) = Op((2K7 4+ 1)7Y/2) and 6,7(s) — 617 = O,(T~'/?), Vs € S.
Now, consider the following mean value expansion:

[Ts]

1 [Ts] 8 + 9_1 S ~ A
thT (b17) = thT (017 (s [Ts] Z gT((%,lT()) (91T - 91T(5))

where 617(s) lies on the line segment joining élT(s) and ;7 and may differ from row to row. Thus,

/

(5] .
T [Wt(éT(s), s) — (O, s)} = ﬁ Z W (§1T — élT(s)) + 0,(1)

xQ (2K 7 + 1)ger (017(s)) (1 + 0,(1)) + Op(K7/T).

The partial sum over the first subsample for the square of the LHS expression above yields:

[7s]

2K1+ 1 tzzl {T?Tt(éT(S)a s) — Ty (O, s)r = [Ts] (élT - élT(S))/ aa-la (éw 3 élT(S)) op(1)

as (2K7 + 1) 2 73] Zt L ger(617(5), 8)ger(017(s), 5) is a consistent estimator of Q.
Similarly for the second subsample t = [T's] + 1,...,T, we obtain

2K1+ : t:[%ﬂ [Tm(éT(s), s) — Ty (6, 5)} * (T —[Ts) (éQT - éQT(s))' aale (52T - éQT(s)) +o,(1).

By results derived above and some calculations, we obtain

2K1+ 1 i [Tru(0r(s),5) = Tl o) -1 (0r - 9T(8))/ G0, 52 (5)G (80, 5) (Br = br(s) ) + 0,(1).

Andrews (1993, p. 851-852) shows that this expression is asymptotically equivalent to the LMr(s) statistic
for parameters instability. This gives the result under the null. Under the alternative, Guay and Lamarche
(2009) show that the LMy (s) statistic for the restricted GEL estimator has the same asymptotic distribu-
tion as in Theorem 4.3. Since the asymptotic equivalence between the expression above and the LMr(s)

statistic, the result follows.

Proof of Theorem 4.4

The two subsamples are now evaluated separately. Using Lemma 7.2 but for the estimation of the
subsample with the first [T's] observations and that g,r(617(s)) = Op((2Kp + 1)7Y/2) and 417(s) =
O, 2K +1/+/[Ts] gives

(TS| r P (Orr (5), 5) — 1= gur (O (5)) ur(s) + 0p (K [T5]V2)

uniformly in ¢ = 1,...,[T's]. This is obtained with a proof similar to the one of Lemma 7.2 but only for

the first part of the sample. This yields

([TS] FEL(G17(s), s) — 1>2 = 417(5) gir (017 (3)) ger (17 (s) 11 (5)) + 0p (K1 /[Ts)).
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By summing the expression above tot = ..., [T's], and by a result similar to (23) but for the unrestricted

estimator applied to the sample t = 1,...,[Ts], this yields

Ll [7s] (5]

2
. — Ts] nGFL(§ -1) = (2Kr+1) § )'Q —1 §
2KT +1 ; ([ 3] U ( 1T(8),8) ) ( T+ \/ﬂ gtT 1T gtT

X (gtT(élT( ) ) thT )) + 0p(1)-

As 2Kr +1) [:,}S] EgT‘(’l] gtT(GlT(s))gtT(élT(s))’ is a consistent estimator of €2, this gives

[Ts] [Ts]
1 R
> ([Ts] 7P (011 (s),5) — 1 thT 17(s5))'Q7 1 thT (617(s)) + 0p(1). (30)
2Kr +1 & ( )
Similarly, we can easily obtain that
1 d 2
- 7GEL _ _
T Y (@[T 7l Our(s).5) 1)
t=[Ts]+1
1 d X
> gewlbar(s))Q! Z gir (B () + 0p(1). (31)

T— [TS] t=[Ts]+1 V TS =[Ts]+1

Now, by a mean value expansion and the consistency of 7 (s),

_ L 0 ez (5o, 60) - 5
—172 L 5)~1/2 VT £=t=1 ) 12G (s (s) — op(1).
Zw = Q(s) lﬁiﬂwm%m +9(s)2G()VT (Br(s) = 00 ) + 0y(1)
By Lemma 7.1 and (25),
-1/2 1 d %B@) —1/2 ’ -1 -1
thT = (11_ )(B(l) —B(s)) | ~ Q(s) G(s) (G(s)'Us)7'G(5))

The RHS can be rewritten as

@4Mvmm%m@ww*%mwww LB

Since the entire parameter vector is estimated for both subsample, e.g. élT(S) = BIT(S) and égT(s) =
Bar(s), the matrices Q(s) and G(s) are block-diagonal and by the definition of g7 (67(s), s), we get:

-1
e f ng = <Iq — Q712G (GLOT1Gy) G;Q*/Q) B(s) (32)
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and

0 S g (ars) = (1,- 07726, (G30765) G407 (B) - B9,

t=[T's]+1

—1
We can now decompose: (I — 012G, (GbQ*1G5> G’QW) = (I — C'AC) where CC' = I with

A= [ éT 8 ] and I, is an identity matrix with dimension r x r with r is the dimension of the vectors .
Noting that C (I — C'AC) B(s) = (I — A)CB(s) and CB(s) is also a r-vector of Brownian motion. Now
consider the multiplication of the RHS term of equation (32) by the matrix C, this yields

[Ts]

R Z atr 51T ( —A) B(s).

Using this result, we obtain directly the asymptotic distribution of the statistic for the first subsample by
equation (30) considering that C'C' = I,. The proof is similar for the second subsample (eq. 31), hence
obtaining the asymptotic distribution under the null. Under the alternative (6), the asymptotic distribution

under the alternative is derived similarly using Lemma 7.1.

Proof of Theorem 4.5

Define P (0(s),~v(s),s) = Zt 1 EGIOK gtTT(e :5) o] and gr(6,s) = %Zle ger(0,5). Since Op(s) =
arg mingee P(6,7(s), s), this implies that sup, e, (o) P(07(s),~(s),s) < SUD,, () ey (s) £(00,7(s), s) and
this holds for all s € S. Let yr(s) = argmax,_cr,(s) P(6o,7(s),s) and §(s) = 79(s), 0 < 7 < 1 and we
have (2K7+1) Zthl p2(¥(8) ger (6o, 8)) gt (60, $)gerbo, 8)' /T LR —Q(s). By a second-order Taylor expansion

with Lagrange remainder,

1 ; 7s) Y,
s P00 = = (g ) g

() (sz Vo (00, >gtT<eo,s>gtT<ao,s>’/T> 3(5)/2

91(60,5)'Q(s) " g7 ((00, 5) — G7 (00, 5)'QUs) " g1 (60, 5) /2 + 0p(1)
9700, 5)'Qs) " g1 (00, 5)/2 4 0p(1)

w.p.a.1 where the second equality holds by ﬁﬁ(s) = —Q(s)"'97(0o, s)+0p,(1). Similarly, we can obtain
1 - ~ o - s
57 P(0r(5),7(5), ) = Gr(07(5), ) Qr(s) " gr(0r(s), 5) /2 + 0p(1)
2K +1

with ’S’T(S) = argMmaXy err(s) P(éT<s)7 7(8)7 5) and
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with

(T's]
QlT(s) = 2KT+1thT gtT(ﬁ (s))
and
. 2Kr+1 & . Y
Qor(s) = m Z 97 (Br(8))ger (Br(s))".
t=[T's]+1

Next, we show that the statistic I P.S CJI? GEL (s) is asymptotically equivalent at first-order to

The following partial sum evaluated at the restricted partial-sample GEL estimator yields:

Tjﬂp(e}(s), 3(s), s).

[T's] _ 2K + 1 ~ [Ts] [Ts }
SN IT 7 (Or(s),5) — 12 = - thT Br) thT s))ger (Br(s))’
t=1
[Ts
2K +1 -~
. Mir(s thT (5)) | +op(1).

Considering that Q;7(s) = 2{;? ET‘}] 9 (Br(5))gir (Br(s))’, the expression above gives:

!’

[T's] ~ 9K 4+ 1 [Ts] R 1 [Ts] ~
Z[T 7L (Or(s),s) — 1)? = thT Qr(s)™ | —= ZQtT(ﬁT(S)) + 0p(1).
t=1 vT t=1
Similarly for the second subsample
!/
T T T
~ 2K +1 1 ~ ~ 1 1 ~
Yo [T afPHOr(s)s) 1P === | 7= Y 9r(Br(s) | Qar(s) [ = D 9 (Br(s)) | +op(1).
t=[T's]+1 L=s \VT t=[T's]+1 VT t=[T's]+1
Then, we get for the statistic
!/
[T's] ~ _ [Ts]
1 ~ Qr(s)™ [ 1 ~
IPSCRF () = | == gir(Br(s 2 = g (Br(s))
T ) \/T tz:; t ( )) s \/T ; t
!
T ~ T
1 ~ QQT(S)_l 1 ~
+ | == Y. 9r(Brs) | =—— = D 9w(Br(s) | +op(1)
VT t=[T's]+1 I=s vT t=[Ts]+1

= Tar(0r(s),s)Qr(s)  gr(Or(s), s) + 0p(1)

~ ~ ~ !
with 07 (s) = <5T(5)’, 6T(s)’) . Since QKQTT_HP(HT(S), 7(s), s) is asymptotically bounded by %THP(GO,'?(S), s)
for all s € S and that IPSC?’GEL( ) is asymptotically equivalent at first-order to 2K2T+1P(9T(s),7y(s), s)
for all s € S, the statistic 1 PSCII?’ ’GEL(S) is asymptotically bounded for all s € S by the asymptotic dis-
tribution of T'gz (6o, s)'Q(s) g7 (o, s) which is derived in Caner (2007). The result under the null follows

and the asymptotic bound under the alternative can be easily derived.
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Figure 1: Simulated Implied Probabilities
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Notes: The constant case refers to no break, the pulse case to a one-time temporary jump at observation 50, the break case to
a change in the mean for 60 time periods and the shift to a permanent change in the mean at observation 20. For the CRRA
case, a preference parameter is estimated using two moments. The moment conditions are violated at observation 51. For the
AR case a autoregressive parameter is estimated. The data generating process is represented by an AR(1) process for ¢ < 50
and by an ARM A(1,2) otherwise. The sample is of size 100 and in all cases the horizontal lines correspond to the empirical
weights of 1/100.
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Table 1: Rejection Frequencies for General Tests of Structural Change

DGP Ky supIlPSC  avelPSC  expIPSC

DGP1 0 0.0655 0.0615 0.0655

1 0.0835 0.0715 0.0800

2 0.1045 0.0855 0.0930

KT 0.0930 0.0780 0.0850

DGP2 0 0.0660 0.0545 0.0610
1 0.0895 0.0745 0.0810

2 0.1115 0.0865 0.0935

K7T 0.0960 0.0820 0.0845

DGP3 0 0.0685 0.0670 0.0690
1 0.0965 0.0775 0.0880

2 0.1210 0.0950 0.1070

KT 0.1215 0.0945 0.1010

DGP4 0 0.3365 0.3615 0.3665
1 0.3825 0.3885 0.3840

2 0.3660 0.3665 0.3715

K7T 0.3670 0.3620 0.3790

DGP5 0 0.8335 0.8250 0.8440
1 0.8595 0.8500 0.8570

2 0.8350 0.8290 0.8395

KT 0.8460 0.8235 0.8505

DGP6 0 0.6525 0.6375 0.6550
1 0.7500 0.7230 0.7455

2 0.7625 0.7345 0.7480

KT 0.7400 0.7140 0.7450

DGP7 0 0.4220 0.2475 0.3360
1 0.3870 0.2995 0.3490

2 0.3740 0.3195 0.3445

KT 0.3835 0.3205 0.3680

DGP8 0 0.7360 0.5315 0.6520
1 0.6980 0.6065 0.6485

2 0.6840 0.6225 0.6455

KT 0.6880 0.6160 0.6660

DGP9 0 0.4890 0.2915 0.3970
1 0.4715 0.3270 0.4065

2 0.4760 0.3865 0.4300

K7T 0.4850 0.3875 0.4605

DGP10 0 0.8455 0.6720 0.7815
1 0.8300 0.7185 0.7845

2 0.8455 0.8095 0.8250

KT 0.8605 0.8135 0.8575

Note: In Tables 1 to 3, DGP 1 to DGP 3 correspond to the null hypothesis of structural stability. The alternative hypotheses of instability
in the parameters are investigated under DGP 4 to DGP while the alternatives of instability in the overidentifying restrictions under DGP
7 to DGP 10. 41
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Table 3: Rejection Frequencies for Tests of Structural Change in the Overidentifying Restrictions

DGP Kr  supIPSC° avel PSC© expI PSC© supO aveQ expO

DGP1 0 0.0715 0.0630 0.0675 0.0210  0.0420 0.0390
1 0.1190 0.0845 0.1135 0.0075 0.0355 0.0255

2 0.1920 0.1105 0.1700 0.0050  0.0300 0.0185

KT 0.1515 0.0975 0.1420 0.0075 0.0340 0.0245

DGP2 0 0.0825 0.0630 0.0810 0.0270  0.0450 0.0440
1 0.1265 0.0805 0.1080 0.0110 0.0340 0.0255

2 0.1945 0.1015 0.1675 0.0065 0.0280 0.0180

K™ 0.1685 0.1000 0.1465 0.0085 0.0300 0.0240

DGP3 0 0.0790 0.0650 0.0780 0.0295 0.0490 0.0440
1 0.1305 0.0865 0.1145 0.0110 0.0340 0.0235

2 0.2000 0.1155 0.1740 0.0035 0.0270 0.0155

KT 0.1940 0.1165 0.1730 0.0045 0.0275 0.0170

DGP4 0 0.0660 0.0555 0.0695 0.0685 0.0525 0.0645
1 0.0615 0.0480 0.0585 0.0640 0.0515 0.0485

2 0.0620 0.0475 0.0615 0.0600 0.0490 0.0495

KT 0.0850 0.0575 0.0800 0.0535 0.0385 0.0445

DGP5 0 0.1455 0.0965 0.1370 0.1670  0.0950 0.1335
1 0.0995 0.0720 0.0995 0.1310 0.0680 0.0955

2 0.1065 0.0785 0.1110 0.1225 0.0625 0.0775

KT 0.1600 0.1010 0.1700 0.0800 0.0470 0.0640

DGP6 0 0.0720 0.0615 0.0660 0.0850 0.0585 0.0700
1 0.0895 0.0530 0.0615 0.1005 0.0510 0.0745

2 0.0815 0.0475 0.0585 0.1035 0.0485 0.0765

K" 0.1030 0.0680 0.1050 0.0625 0.0430 0.0500

DGP7 0 0.6890 0.7625 0.7225 0.7125 0.7575 0.7440
1 0.5550 0.6860 0.6100 0.6335 0.6715 0.6705

2 0.3905 0.6165 0.4585 0.5760 0.6290 0.6220

K7T 0.4025 0.6405 0.4745 0.5690 0.6340 0.6300

DGPS8 0 0.8880 0.9295 0.9045 0.8935 0.9255 0.9145
1 0.7625 0.8745 0.8135 0.8140 0.8685 0.8560

2 0.5965 0.8245 0.6775 0.7475 0.8290 0.8050

K" 0.6360 0.8475 0.7050 0.7120 0.8270 0.8050

DGP9 0 0.8690 0.9345 0.9055 0.8695 0.9235 0.9150
1 0.8505 0.9285 0.8905 0.8860 0.9240 0.9150

2 0.7705 0.9235 0.8290 0.8640 0.9105 0.9065

K™ 0.7315 0.9190 0.8035 0.8325 0.9050 0.8950

DGP10 0 0.9915 0.9985 0.9960 0.9915 0.9980 0.9965
1 0.9930 0.9985 0.9960 0.9915 0.9980 0.9975

2 0.9805 0.9975 0.9910 0.9835 0.9965 0.9955

KT 0.9755 0.9975 0.9880 0.9450 0.9920 0.9885
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